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Abstract. Let {R",g{t)), < t < T, n > 3, be a standard solution of the Ricci flow 
with radially symmetric initial data gQ. We will extend a recent existence result of P. Lu 
and G. Tian and prove that for any to G [0, T) there exists a solution of the corresponding 
harmonic map flow t^t : {^'^,g(t)) (R"',3(io)) satisfying d4>t/dt = Ag(j) g(jg)0t of the form 
(j)t{r,6) = {p{r,t),9) in polar coordinates in M" x {to,To), 0ig(r, 0) = {r,6), where r = r{t) 
is the radial co-ordinate with respect to g{t) and To = sup{fi G {to,T] : ||p(-,i)||ioo(]g+) + 
||9p/9r(-,t)||^oo(]g+) < oo V^o < t < ti} with p{r,t) = log(p(r, t)/r). We will also prove 
the uniqueness of solution of the harmonic map flow within the class of functions of the form 
4>t{r,0) = {p{r,t),6), p{r,t) = reP^'^'^\ for some function p{r,t). We will also use the same 
technique to prove that the solution u of the heat equation in (fl \ {0}) x (0, T) has removable 
singularities at {0} x (0,T), C R™, m > 3, if and only if \u{x,t)\ = C>(|a;|2-™) locally 
uniformly on every compact subset of (0,T). 



It is known that Ricci flow is a powerful method in studying the geometry of manifolds. 
A manifold (M, g{t)), < t < T, with an evolving metric g{t) is said to be a Ricci flow if 
it satisfies 

in M X (0,T). Short time existence of solution of Ricci fiow on compact manifold was 
proved by R. Hamilton [HI] using the Nash-Moser Theorem. Short time existence of 
solutions of the Ricci flow on complete non-compact Riemannian manifold with bounded 
curvature was proved by W.X Shi [SI]. Global existence and uniqueness of solutions of the 
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Ricci flow on non-compact manifold was obtained by S.Y. Hsu in [Hsl]. We refer the 
readers to the lecture notes by B. Chow [C] and the book [CK] by B. Chow and D. Knopf 
on the basics of Ricci flow. Interested readers can also read the papers of R. Hamilton 
[Hl-6], S.Y. Hsu [Hsl-7], B. Kleiner and J. Lott [KL], J. Morgan and G. Tian [MT], 
G. Perelman [PI], [P2], W.X. Shi [SI], [S2], L.F. Wu [Wl], [W2], R. Ye [Ye] for some of 
the most recent results on Ricci flow. 

Since the proof of existence of solution of the Ricci flow in [HI] is very hard and there 
is very few uniqueness results for Ricci flow, later D.M. DeTurck [D] deviced another 
method to prove existence and uniqueness of solution of Ricci flow. For any to G [0, T) 
he introduced an auxiliary harmonic map flow (pt ■ {M, g{t)) — > (M, (/(to)) associated with 
the Ricci flow given by 

— 4>t = /\g^t),g{to)(t>t (0.1) 

where 

A.(.),.(.o)0. = A,(,)<^, + ,-(., t)r^,,(0,(.))^^^M^ 

in the local co-ordinates x = (x^, . . . , x") of the domain manifold (M, g{t)) and the local co- 
ordinates (y") of the target manifold (M, g{to)) with ^ being the Christoffel symbols of 
(M, g{to)). This harmonic map flow then induces a push forward metric g{t) — {4't)*{9{t)) 
on the target manifold M which satisfles the Ricci-DeTurck flow [H5] 

d . ... 

Q^dajS = {Lv9)al3 — '^RaP 

for some time varying vector fleld V on the target manifold M where Rap is the Ricci 
curvature associated with the metric g{t). The existence and uniqueness of solutions of 
Ricci flow on compact manifolds are then reduced to the study of existence and other 
properties of the harmonic map flow (0.1) and the Ricci-DeTurck flow [H5]. 

In [PI], [P2], G. Perelman proposed a scheme to study Ricci flow with singularities. 
Essential to this scheme is the construction of a standard solution of the Ricci flow which 
is used to replace the solution near the singularities during surgery. In [LT] P. Lu and 
G. Tian proved the short time existence of solution of the harmonic map flow associated 
with the standard solution {W^ , g{t)), < t < T, n > 3, of Ricci flow with radially 
symmetric initial data ^fo- 

In this paper we will extend their result and prove that for any to ^ [0, T) there exists 
a solution of the corresponding harmonic map flow (f)t : {W^,g{t)) iW^,g{tQ)) satisfying 



d^t/dt = Ag(,),5(,„)0t in R" X {to, To) 
(j)t^{x)=x inR" 



(0.2) 



of the form 



Ur,0) = {p{r,t),e),p{r,t)^re?^'''\ 
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(0.3) 



for some function p{r,t) in polar coordinates in x (to, To), (^(^(r, ^) = {r,9), where 
r = r{t) is the radial co-ordinates with respect to the metric g{t) and 

To = sup{ti e {to,T] : ||p(-,t)||L-(M+) + ||9p/ar(-,t)|U-(M+) < oo Vto < t < ^i}- (0.4) 
Then 

p(r,t)=log(^^). (0.5) 

By (0.2), 

p{r,to) = r Vr > 0. (0.6) 

We will also prove the uniqueness of solution of the harmonic map flow (0.2) within the 
class of functions of the form (0.3) for some function p(r, t). 

The plan of the paper is as follows. In section one we will extend the existence result 
of [LT] and prove the existence of solution of (0.2) of the form (0.3) in x (to, To) 
where To is given by (0.4). In section two we will prove various estimates for the Green 
function of the heat equation in cylindrical and punctured cylindrical domains. In section 
three we will use the Green function estimates to prove that the transformed solution in 
^]^n+2 \^ ^Q|^ ^ {to, To) has removable singularities on the hue {0} x (to, 7b). We will also 
prove the uniqueness of solution of (0.2) in section three. In section four we will prove 
that a solution u of the heat equation in [Q \ {0}) x (0,T) has removable singularities at 
{0} X (0, T), O C R"', m > 3, if and only if there exists Br{0) C O such that 

\u{x,t)\ = 0{\xf~'^) uniformly on [ti,t2] VO < |a;| < i?, < ti < ^2 < T. (0.7) 

We first start with a definition. Let n > 3. For any < t < (n — l)/2, let h{t) be the 
standard metric on S'^~^ with constant scalar curvature 
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Let go be a fixed rotationally symmetric complete smooth metric with non-negative cur- 
vature operator on such that (M"^ \ -6(0, 2), go) is isometric to the half infinite cylinder 
(5"-i X R+, h{l) X ds'^) (cf. Section 1 of [LP] and definition 12.1 of [MT]). By the argu- 
ment of section 1 of [LP] such go exists. We say that a Ricci flow (R"^, g{t)), < t < T, is a 
standard solution if g{0) = go and the curvature Rm is locally bounded in time t G [0,T). 
By the results of [LP], there exists a standard solution (R", g{t)) of the Ricci flow on (0, T) 
for some T e (0, ^^^^) with g{0) = go which has non-negative curvature operator Rm{t) 
for each t e [0,T). 

We will now let (R", (/(t)), < t < T, be the standard solution of Ricci flow for the 
rest of the paper. By the result of [P2] and [LT] for each < t < T, g{t) is a rotationally 
symmetric metric of R". Let f be the standard radial co-ordinate in R"^. As observed by 
P. Lu and G. Tian [LT] if da — h{l) is the standard metric on S'^~^ with constant scalar 
curvature 1, then there exists a function /(r, t) > such that 



g{t)^dr^+f{r,t)^da 
3 



where r = r(f, t) is the radial co-ordinate on R"' with respect to the metric g{t). We fix a 
to e [0,T) and consider the harmonic map flow (pt : {M.'^,g{t)) (M", 51(^0)) (0.2) of the 
form (0.3). Let p{r,t) be given by (0.5) and let fo{r) = f{r,to). Then by (0.5) and (0.6), 



p{r,to) = 0. 

By the computation in [LT] and [MT], 

/(r,t) = re^>''*),/o(p) = pe^°(^') 

for some smooth functions f{w,t) and fo{w) of w > and t with f{w,to) = fo{w). 
Moreover p(r, t) satisfies 



dp d^p + 1 dp 
dt dr^ r dr 



+ 



( 1 ^ c 



(r^t) 



dp 
dr 



dp 
dr 



+ G{p, r^, t) = (0.8) 



where 



G{p,w,t) 



It 1 



1 _ g2/o(p2)-2/(«;,t) 



+ 2(n-l) £(«;,*) 



2(n - i)e2/o(P^)+2p-2/>,t)|^o ^^2) _ 2^(^^^) 



9w 



and ^{w,t) is a smooth function satisfying 



^ , 9 , 1 5r 
^^'^'^ = -rd-f 

Let a; = (xS . . .,x^+^) e M"+2, |a;| = and 

p(x,t) = p(|a;|,t), J{x,t) ^ f{\xf,t), Gi{s,x,t) ^G{s,\x\'^,t). 



(0.9) 



If p e C2'i([0,oo) X {to,T')) is a solution of (0.8) in R+ x {to,T') for some T' e {to,T) 
[LT], then p(a;, t) is a radially symmetric solution of 



9p 
dt 



Ap + V[(n - 1)/ -B]-Vp+ I Vpp + Gi(p, x, t) 



(0.10) 



in (M"+2 \ {0}) X {to, T') where 



is a smooth even function of w and B{x,t) = B{\x\'^,t) is a smooth function of a; e R"'+^. 
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Conversely if p{x,t) is a radially symmetric solution of (0.10) in X {to,T'), then 

p e C2'i([0,oo) X (to,T')) is a solution of (0.8) in R+ x {to,T'). 
As in [LT] we rewrite (0.10) as 

^ = Ap + F{x,p,Vp,t) (0.11) 

where 

Fix, p, Vp, t) = V[(n - 1)7 - B] {x, t)-Vp+ \Vpf + Gi{p, x, t). 

We will fix to £ (0, r) for the rest of the paper. 

For any set A we let xa be the characteristic function of the set A. For any R > 0, 
m > 2, let Bji — {x : \x\ < R} C and let G_r = Gji{x, y, s) be the Green function of 
the heat equation in Br x (-00,00). Then ([LSU] P.408) 

Gr{x, t, y, s) = V{x, t, y, s) - gR{x, t, y, s) Vx, y G Br, t > s, 

where 

1 

r(a;,t,y,s) = — — --^e 

(47r(t — s)) 2 

and Vy e ^i^, s G M, 

dtQR = A^qr Mx e Br, t > s 

gR{x,t,y,s) = r{x,t,y,s) \fx e dBR,t> s (0.12) 
gR{x, s, y,s) = Vx G OBr. 

Note that by the maximum principle (cf. [A],[F]), 

< GRix, t, y, s) < Gr> [x, t, y, s) < T(x, t, y, s) yx,yeBR,0<R< R' , t > s. (0.13) 



Section 1 

In this section we will extend the existence result of P. Lu and G. Tian [LT] and prove 
the existence of solution of (0.2) of the form (0.3) in x (to:^o) for some constant 
To e {tQ,T] given by (0.4). We first recaU a result of [LT]. 

Theorem 1.1. (Section 2.2.3 of [LT]) There exists T' e (to,T] such that (0.11) has a 
radially symmetric solution p in W^'^^ x {to,T') satisfying 

p{x,to)=0 mR"+^ (1.1) 
pix,t)= [ [ -—^——^e-^F{y,p,Vp,s)dyds (1.2) 

Jta ^]R"+2 {An{t - S)) 2 

for all X e M"+2, to<t< T' , and 

sup (||p(-,t)|U-(M"+2) + ||Vp(-,t)||Loc(Mr.+2)) < 00. (1.3) 

to<t<T' 
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Theorem 1.2. There exists Tq G (to, T] such that (0.11) has a radially symmetric solution 
p in R''+2 X (to, To) satisfying (1.1), (1.2), in x (to,To) where Tq is given by (O.4) 

with p and p being related by (0.9). 

Proof. By Theorem 1.1 there exists T' G (to,^] such that (0.11) has a radially symmetric 
solution p in M"'+^ x {to,T') satisfying (1.1) and (1.2). Let Ti G {to,T] be the maximal 
existence time of a radially symmetric solution p of (0.11) in M"^+^ x (to, T) that satisfies 
(1.1), (1.2), and (1.3) for any Iq < T' < Ti. Then Ti < Tq. We claim that Ti = Tq. 
Suppose Ti < Tq. Then 

Cl = sup (||p(-,t)||Loo(Kn+2) + ||Vp(-,t)||Loo(Kn+2)) < 00. 

to<t<Ti 

Let T2 G (to, Ti) be a constant to be determined later. We will now use a modification of 
the argument of [LiT] and [LT] to construct a solution of (0.11) with initial data p(a;,T2). 
For any T2 < t < T, a; G let p^{x, t) = p{x, T2), and 



Pi{x,t) = v{x,t)+ [ I ——^——^e^W^F{y,Pi_^,Vpi_^,s)dyds Vz > 2 
Jt2 Jr"+2 {4n{t — s)) 2 

(1.4) 



where 



v{x,t) = { (47r(t-T2))'^ Jk"+2 



/ e ^^piy,T2)dy for t > T2 



p{x,T2) for t = T2. 



Then 



+ liv<,t)|| 

^)I|l°°(M" + 2) + ||Vpi(-,t)||Loo(Kri + 2) 

<Ci Vt > T2. (1.5) 
We claim that there exists 5i G (0, T — Ti) independent of T2 such that 

||Pi(-,*)||L-(R"+2) + ||Vp,(-,t)|Uo.(M"+2) < 2Ci VT2 < t < T2 + Si,i G Z+. (1.6) 

We will prove this claim by induction. By (1.5), (1.6) holds for i = 1. Suppose there 
exists di G (0, T — Ti) such that (1.6) holds for i = k — 1 for some k > 2. As in 
[LT] there exist a constant C2 > depending on Ci and a constant C3 > such that 
y{x,t)eW+^ x[T2,T2 + Si), 



|G'i(Pfc_i,a;,t)| < C2 

\F{x, pfc_i, Vp,_i, t)\ < Cs{2Ci) + (2Ci)2 + C2^C^ (say). 



(1.7) 



Then by (1.4), 



|Pfe(x,t)| < \v{x,t)\ + C4{t-T2) V(x,t) GM-+2 X [T2,T2 + Si) (1.8) 
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and 

|Vpfe(x,t)| <|V^;(x,t)|+ / / \ \Ve-^(^\\F{y,p^_^,Wpk_^,s)\dyds 

JT2 ^M"+2 (47r(t — s)) 2 



t r L 



9± f f 

2 Jts Jk"+2 (47r(t - s))^ (t - s) 



<\Vv{x,t)\+C^C5 / -^e-^dyds 

JT2 JK"+2 (t — s) 2 

<|Vz;(x,t)| +C4C^yr^ V(x,t) eM^+^ X [T2,T2+5i) (1.9) 
for some constants C5 > 0, C5 > 0, independent of T2 and 5i. Let 

oi = mm 1 



2 ' + C/^C'^ 
Then by (1.5), (1.8) and (1.9), VT2 < t < T2 + 5i, 

l|Pfe(->*)llL°°(R"+2) + l|Vpfe(-,t)||L-(M"+2) <Ci+ C461 + C^C'^^JTx < 2Ci. 

Hence by induction (1.6) holds. Since 

/•* /■ 1 |x-^|2 

= / / 77^ -t:+2(^ ^^{F{y,Pi-i,^Pi-i,s)-F{y,Pi_2,Vpi_2,s))dyds 

Jt2 Jk"+2 (47r(t - s)) 2 

for any z > 3, by (1.6) and an argument similar to the proof on P.10-11 of [LT] there 
exists a constant 62 € (0, di) independent of T2 and depending only on Si, Ci, Ti, and T 
such that {Pi}°Zi is a Cauchy sequence in C-^(R"'"'"^ x (T2,T2 + ^2)) with norm given by 

M = IIV'llL-(M"+2x(T2,T2+52)) + l|V'i/'||L-(M"+2x(T2,T2+52)) ^V' ^ {R''+^ X {T2, T2+62)) . 

Let T2 = Ti-(52/2). Then T2+52 > Ti and there exists p^ G Ci(M''+2 x (T2, T2+52)) such 
that converges uniformly to in C'^{M.'^^'^ x (T2, T2 + ^2)) as z ^ cxo. We now extend 
p beyond the time T2 by setting p{x,t) — p^{x,t) for any x G M."'~^^,T2 < t < T2 + 62- 
Letting z — > 00 in (1.4), 

p{x,t)=v{x,t)+ [ I -—^—-^e-^F{y,p,Wp,s)dyds (1.10) 

./T2 ./iR"+2 (47r(t — s)) 2 

for any x G M'^"'"^,r2 < t < T2 + 52- By Theorem 1.1 and the semi-group property of the 
heat equation, 

. X 1 f 1:^-^1' r^^ r 1 \-y\\ 



(47r(t - T2))~ iK"+2 Jto Jr"+2 (47r(T2 - s))^ 

■ -F(|/, p, Vp, s) dy ds dz 

I ' I -—^-—7:TTe-^F{y,p,Vp,s)dyds. (1.11) 
Jto Jm"+2 (47r(t - s))^~ 
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By (1.10) and (1.11), p satisfies (1.2) in x (to,T2 + 82). By (1.2) and the same 

argument as [LT] p is a classical solution of (0.11). Since T2 -\- 82 > Ti and (1.6) holds, 
there is a contradiction to the defintion of Ti. Hence Ti = Tq and the theorem follows. 

Section 2 

In this section we will prove various estimates for the Green function of the heat equation 
in cylindrical and punctured cylindrical domains. We first choose a monotone increasing 
function rj G C°°(R), < < 1, such that ?7(t) = for any r < 1/2 and rjij) = 1 for any 
T > 1. For any < 5 < 1, s e M, let r}5{T) = r]{T/8) and let gR,e,6 be the solution of 

dtgR,s,6 = ^x9R,e,S E Bii\Be,t> S 

9R,e,s{x, t, y, s) = r{x, t, y, s)r]{{t - s)/8) \/{x, t) e {dB^ U OBr) x (s, 00) 
gR,e,s{x,s,y,s) = ^x e Br 

where Br C R"^ for some m e Z""". Then by the maximum principle, 

gR,e,5{x,t,y,s) > gR,s,S'{x,t,y,s) > Ve < |a;|, \y\ < R,0 < 8 < 8' < l,t > s. (2.1) 

Lemma 2.1. Let s G R and e < \y\ < R. Then there exists a sequence 8i ^ Q as 

i — > 00, such that gR^e,Si{'-i '-iVt^) converges uniformly in C'^'^{{Br \ Bg) x [^1,^2]) io the 
solution gR,e{-i 'iViS) of the problem 

dtgR.e = ^x9R,£ 

Wx e BR\B,,t> s 
gR,e{x,t,y,s) = T{x,t,y,s) \/x e dB, U dBR,t > s (2.2) 
gR,e {x, s, y, s) = Mx^Br 

as i ^ 00 for any t2 > ti > s. Moreover 

gR,s,s{x,t,y,s) <T{x,t,y,s) < \x\,\y\ < R,0 < 8 < l,t > s (2.3) 

and 

0<gR,e{x,t,y,s)<T{x,t,y,s) < \x\,\y\ < R,t > s. (2.4) 

Proof. Note that the result (2.4) is well-known (cf. [A]). For the sake of completeness we 
will give a short proof of (2.4) here. We will use a modification of the technique of [DK] 
to prove (2.3). Let h e C§°{Br \ Be) be such that < h < 1. For any t > s, let (I){x,t) 
be the solution of 

drc/) + A4>^0 in {Br \ Be) X (s, t) 

(j){x, r) = on {OBr U dBe) x {s, t) 

(j){x, t) — h{x) in Br \ Be- 
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By the maximum principle < (/> < 1 on {Bji \ B^) x {s,t). Hence d(f)/dn > on 
{dBfi U dBg) X where d/dn is the derivative at the boundary in the direction of the 

inward normal of the domain Bji \ B^. Then for any t > ti > s, e < \y\ < R, 



/ {9R,e,s{x, t, y, s) - r{x, t, y, s))h{x) dx 

JBn\B, 




4>-^{9R,e,5 -^)dxdT + f [ {gR^e,&-^)(t^TdxdT 

n4>A{gR^e,s -'r)dxdT + / {gR,e,s -'r)<PrdxdT 
-3r\B^ Jti JBrXBs 

[ [ {9R,e,6-'i^){4>r+A4>)dxdT+ / / {gR,s,s ' da dr. 

Jti Jbr\b^ Jti Jd{Bii\Be) on 



<0. 

Hence 



/ {.9R,e,5{.^^ ^) - ^i.^^ s))h{x) dx 

JBn\Be 

< {gR,e,s{x,ti,y,s) -r{x,ti,y,s))(p{x,ti)dx > h > s 

Jb„\b^ 



=^ / {9R,e,s{^,t,y,s) -V{x,t,y,s))h{x)dx <Q Vt > s, £ < ||/| < i? as \ s. 

JBn\B, (2.5) 

We now choose a sequence of functions C Cq°{Br \ _Bg), < /li < 1 for any 

i G Z"'", such that hi{x) converges to Xa{x) a.e. as z ^ oo where A = {x & Br \ B^ : 
9R,e,6{x, t, y, s) > r(x, t, y, s)}. Putting h = hi in (2.5) and letting i — > oo, 

/ {gR,s,s{x,t,y,s) -r{x,t,y,s))+dx <0 Wt>s,e<\y\<R 

JBn\B^ 

and (2.3) follows. By (2.1), (2.3), and the Schauder estimates [LSU] for any t2 > ti > s, 
£ < ||/| < R-, the sequence {gR,e,s{-: s)}o<6<i is equi-Holder continuous on C'^'^{{Br \ 
Be) X [^1,^2])- Hence by the Ascoli theorem and a diagonalization argument there exists 
a sequence (5i ^ as z ^ 00, such that (7i?,e,5, (■, ■, y, s) converges uniformly in 

C^^H(Br \ Be) X [tiM]) to the solution (7i?,g(-, ■, y, s) of (2.2). Putting 5 = 5i in (2.1), 
(2.3), and letting i — > 00 we get (2.4) and the lemma follows. 
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For any < 5 < 1, s e R, let be the solution of 



dtgi = A^gi yxeBR,t>s 
9r{x, t, y, s) = r(x, t, y, s)r]{{t - s)/5) \/x G dBn, t > s 

By an argument similar to the proof of (2.1) and Lemma 2.1 we have 



Lemma 2.2. Let s e IR , < |y| < i?, and let {Si}^i be the sequence given by Lemma 
2.1. Then there exists a subsquence {S'^}°Zi of {Si}'^^ such that gj^{-, -^y, s) converges 
uniformly in C'^'^{Bji x [ti,t2]) to the solution gji{-, -jy, s) of (0.12) as i ^ oo for any 
t2 > ti > s. Moreover 



< {x, t, y, s) < gi{x, t, y, s) < T{x, t,y,s) ^0 < \xl\y\ < R,0 < 5 < 5' < l,t > s. 

(2.6) 



Lemma 2.3. Let m > 3, s G M and < |y| < R. Then there exists a sequence {ei}°°^i, 
< Ei < R/3 Vz G Z+ and Si ^ as i ^ oo, such that the sequence {fi'i?,ei(-, ■, s)} 
converges uniformly to gR{-, ■, y, s) in C'^'^{K) for any compact set K C (Sij\{0}) x (s, oo) 
as i ^ oo. 



Proof. Let ry be as before and let rj^^x) — r]{\x\/5) for any < 5 < 2i?/3, x G . Then 
|V?75(a;)| < C/5 and |A?75(x)| < on Br for some constant C > independent of 5 

and rjs{x) = for any |a;| < 5/2. Let h G Cq°{Br) be such that < h < 1. For any t > s, 
let (f){x, t) be the solution of 

dr(t) + A(/) = in Si? X (s, t) 

(j){x,T)^Q on dBRx{s,t) (2.7) 

(f){x,t) = h{x) in Bji. 
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Now by (2.1), (2.3), and (2.6), for any < e < i?/3, 0<6<l,t> s, 
/ {9r{x, t, y, s) - gR,e,6{^^ s)h{x)rj2e{x) dx 

= / / (l)r]2e^{9R- gR,e,s)dxdT+ / / {9r - 9R,e,s)(f>Tme dx dr 

Js JBr\B^ ^'^ Js JBr\B^ 

= / (t>V2e^{9R- 9R,e,s)dxdT + / i9R - 9R,s,s)4>rV2e dx dr 

Js JBr\Bs Js JBu\B^ 

n{9R- 9R,e,s)^{(pme)dxdT + / / (gj^ - gR,e,5)(f>Tme dx dr 
^ _?h\Be Js JBii\B, 

n{9R - gR,e,5){4>T + A0)^2e dx dr 
- ^R\Be 

-t 



+ / / {g°R-gR,e,5){2V(l)-Vr]2e + <l)^me)dxdT 

Js Je<\x\<2e 

-~2 i I T{x,T,y,s)dxdT+— f ( V{x^T^y^s)\V(j)\dx dT 

^ Js J£<\x\<2e ^ Js J£<\x\<2e 

=h + h (2.8) 

for some constant C > independent ofO < e < R/3 and < S < 1. Let < £ < 
min(||/|/10, R/3). Then for any £ < < 2£, 

< M =^ |a; _ y| > |y| _ > 



Hence 



I,, I X"" 2\y\^ (=-WT-7) 

r{x,T,y,s)<- — — — -^e 25(x-«) = I b^J ^ e 



(47r(T-s))t V(47r(T-s))U 1^1' 

C 



C 2|«|2 

<^_e 2517^ V£ < b| < 2£,T > s. (2.9) 



Thus 

Now by (2.7), 
d_ 



2|y|2 



Ii<C——e~^^^(t-s). (2.10) 



^/ \V(p\'^dx^2 I V(p-V(prdx = -2 I Acj) ■ (t)r dx = 2 j {Acpf dx 



Bn J Bu J Bu J Bn 

sup [ \V(f>\'^dx< I \Vh\'^dx. (2.11) 

s<T<t J Bn J Bu 
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By (2.9) and (2.11), 

(J e 25(t-s) 



[ I \V^\dxdT 

J S J Br 



p 26(t-s) / f \ 2 

<Cs'^~'.—-^( \Vhfdx) (t-s). (2.12) 

\y\ \j Bji / 

By (2.8), (2.10), and (2.12), 

i9R{x, t, y, s) - gR,e,s{x, t, y, s)h{x)rj2e{x) dx 



Br\B, 

<C^.-''^^'-Ht-s)^C.^--^[jjVH?i.) its) W>.^^^^ 

Let {5-}^]^ be the sequence given by Lemma 2.2. Putting 5 — 5[ in (2.13) and letting 
z — > oo by Lemma 2.1, Lemma 2.2, and the Lebesgue dominated convergence theorem, 

/ {.9r{.x, t, y, s) - gR,e{x, t, y, s)h{x)rj2e{x) dx 
Jbr\b^ 

2|h|2 1 

By (2.4) and the Schauder estimates [LSU] the sequence {5'i?,e(a;, t, y, s)}o<e<i?/3 is equi- 
Holder continuous in C'^'^{K) for any compact subset K C (S^ \ {0}) x [ti,t2] for any 
t2 > ti > s. By the Ascoli theorem and a diagonaUzation argument there exists a se- 
quence {^i}^!, < Si < R/3 \/i G Z+ and £i — >^ as i — > cxo, such that the sequence 
{9R,£ii'j s)} converges uniformly to some function gR{-, •, y, s) on every compact subset 
of {Bji \ {0}) X (s, oo) as i — > oo. 

Putting £ = £j in (2.14) and letting z — > oo, 

/ {gR{x,t,y,s)-gR{x,t,y,s))h{x)dx<0 Wt > s,0 < \y\ < R. (2.15) 

JBr\{0} 

We now choose a sequence of functions {hi}'?^i C Cq°{Bji), < /ij < 1 for any z e Z+, such 
that /li converges to xa a-c as i — oo where A = {x & Br : gR{x, t, y, s) > gR{x, t, y, s)}. 
Putting h = hi in (2.15) and letting i — > oo, 

/ {gR{x,t,y,s)-gR{x,t,y,s))+dx<0 yt>s,0<\y\<R 
JBr\{o} 

^ gR{x,t,y,s) <gR{x,t,y,s) yo < \x\,\y\ < R,t > s. 

(2.16) 
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Interchanging the role of gji{x,t,y, s) and gji{x,t,y, s) and repeating the above argument 
we get 

gR{x,t,y,s) >gR{x,t,y,s) VO < |a;|, |y| < i?, t > s. (2.17) 
By (2.16) and (2.17), 

9R{x,t,y,s) = gR{x,t,y,s) VO < |a;|, |?/| < i?, t > s (2.18) 

and the lemma follows. 

For any < e < R, let Gr^^ = GR^e{x,t,y, s) be the Green function for the heat 
equation in {Br \Bs) x (—00,00). Then 

GR^e{x,t,y,s) = T{x,t,y,s) - gR^s{x,t,y,s) Ve < \x\,\y\ < R,t > s. (2.19) 

Then by Lemma 2.3 and the uniqueness of the Green function for the heat equation we 
have the following corollary. 

Corollary 2.4. Let m > 3, s E M. and < \y\ < R. Then GR^e{--,--,yis) ^^^^ converge 
uniformly to Gr{-, •, j/, s) in C'^'^{K) for any compact set K C {Br \ {0}) x (s,oo) as 
0. 

We now let ^ = G*j^^{y^ s, x, t) and = G*j^{y^ s,x,t), s < t, be the Green function 
for the adjoint heat equation dsU + Aw = in {Br \ Bg) x (—00, 00) and Br x (—00, 00) 
respectively. Then by a similar argument as the proof of Lemma 2.3 and Corollary 2.4 we 
have the following result. 

Corollary 2.5. Let m > 3. Then for any t & M., < \x\ < R, G^ g(-, ■, t) will converge 
uniformly to G'^{-, •,a;,t) in C'^'^{K) for any compact set K C {Br \ {0}) x (— oo,t) as 
£ ^ 0. 

Now by [F], 

GR,e{x,t,y,s) ^ G\,{y,s,x,t) Ve < ||/| < i?, t > s (2.20) 

and 

GR{x,t,y,s) = G*R{y,s,x,t) V|a;|, |y| < i?, t > s. (2.21) 

Hence by (2.20), (2.21), and Corollary 2.5 we have the following result. 

Corollary 2.6. Let m > 3. Then for any t E"^, < \x\ < R, GR^g{x, t, ■, ■) will converge 
uniformly to GR{x,t, •, •) in C^'^{K) for any compact set K C {Br \ {0}) x (— oo,t) as 
£ ^ 0. 

Let Goo,i{x, t, y, s) be the Green function for the heat equation in the domain (R"^~^ \ 
Bi) X (—00, 00). By an argument similar to the proof of (ii) of Lemma 1.3 of [Hu] we have 
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Lemma 2.7. For any T > 0, there exist constants C > and c > such that 

^liv) „-c\x-y\^/it-s) 



< G^,i{x,t,y,s) < C-^^f^e-'^l^-^l /^^"^^ V|x|, \y\ > 1,0 < s < t < T 

[t-s) 2 



and 



< Gr{x, t, y, S) < C ^ ^Riy)^ ^-c\x-y\V{t-s) \y\<R,Q<s<t<T,R>0 

[t-s) 2 

holds where Si{y) =dist{y,dBi) and d^iy) =dist(y, dBji) respectively. 
Corollary 2.8. For any T > there exist constants C > and c > such that 

< ^^ix,t,y,s) < — ^^e-^l--«lV(*-) V|a;| > 1, |y| = 1,0 < s < t < T 



dn 



y 



(t-s) 



holds where d/dny is the derivative in the direction of the inward normal Uy = y/\y\ at 
the point y G dBi{0) with respect to the domain MJ^ \ Bi. 

Corollary 2.9. For any T > there exist constants C > and c > such that 
< ^ (x, t, y, s) < -— ^^e-'^l^-^l'/^*-^) V|a;| < R,\y\ = R,0 < s < t < T, R > 



9ny {t - s 



holds where d/duy is the derivative in the direction of the inward normal Uy = —y/\y\ at 
the point y G dBji with respect to the domain Bf{. 

Corollary 2.10. For any T > there exist constants C > and c > such that 

< (x, t, y, s) < ^-^e-'^l^-^l'/^*-^) y\y\ = s,s<\x\<R,0<s<t<T 

<^i^y yt ~ ^) ^ 

(2.22) 

holds where d/duy is the derivative in the direction of the inward normal Uy = y/\y\ at 
the point y G dB^ with respect to the domain Bn \ B^ . 

Proof. By scaling, 

GR,e{.x, t, y, s) = e-'^Gn/e^iix/e, ^/£^ y/e, s/e^). 

Hence 

(x, t, y, s) = [x/e, tle\ y/e, s/e^), y' = y/e. (2.23) 

any any! 

By the maximum principle (cf. [F]), Vi?2 > -Ri > 1, 

< GR^^i{x,t,y,s) < G'i?2,i(x,t,|/,s) < Goo,i{x,t,y, s) VI < \y\ < Ri,t > s 

dG dG 
0< J^''\ x,t,y,s)< —^{x,t,y,s) Vl< |a;| < |y| = 1, t > s, i?i > 1. 

any any (2.24) 

By (2.23), (2.24), and Corollary 2.8 we get (2.22) and the lemma follows. 

By an argument similar to the proof of Corollary 2.10 but with Gr and Corollary 2.9 
replacing Goo,i and Corollary 2.8 in the proof we have 
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Corollary 2.11. For any T > there exist constants C > and c > such that 

< (x, t, y, s) < 9^e-'^--y\'/^'-'^ y\y\ = R, s < \x\ < R,0 < s < t < T 

c^-j/ ~ ^) ^ 

(2.25) 

holds where d/driy is the derivative in the direction of the inward normal riy = —y/\y\ at 
the point y e dBn with respect to the domain \ . 



Section 3 

In this section we will use the Green function estimates obtained in section two to prove 
that under an uniform boundedness condition on a solution of (0.11) in (M""'"^ \ {0}) x 
(to, To) the solution has removable singularities on the line {0} x (to, To). We will also 
prove the uniqueness of solution of (0.8). 

Lemma 3.1. Let T' e (to.T] and let p be a solution of (0.11) in (M"+2 \ {0}) x {to.T') 
which satisfies (1.1) and 

sup (||p(-,*)||l<-(M"+2\{0}) + ||Vp(-,t)||L-(K"+2\{o})) < oo- (3.1) 
to<t<T' 

Then p can be extended to a solution of (0.11) in X {tQ,T') and p satisfies (1-2) and 

(1.3) in X {tQ,T'). 

Proof. Let \x\ > 0. By standard parabolic theory (cf. [A] and [LSU]), for any to < t < T' 
and i? > £ > such that £ < |a;| < R, 

p{x,t) 

= / / GR^e{x,t,y,s)F(y,p,Vp,s)dyds+ [ [ ^^^{x,t,y, s)p(y, s) da(y) ds 

Jto JBr\B, Jto JdB^ OHy 

+ f f ^fr'^ {x, t, y, s)p{y, s) da{y) ds 

=I!,R + II,R + IIr (3.2) 

where d/driy is the derivative in the direction of the inward normal of the domain Br \ B^ 
at 7/ e dBn U dBe. Since p satisfies (3.1), by an argument similar to the proof on P.IO of 
[LT] there exists a constant C > such that 

|F(x,p, Vp,t)| < C Vx e M^+^ \ {0},to < ^ < T'. (3.3) 

By (2.4), (2.19), (3.3), Corollary 2.6, and Lebesgue dominated convergence theorem, 

limA^,i^= / / GR{x,t,y,s)F{y,p,Vp,s)dyds. (3.4) 
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By Corollary 2.10 (2.22) holds with m = n + 2. Hence 



'-2,R\ ^ 



< C 




toJoB^it-s)"^ -(|x|-£)-+3 



lim /; 



2,R 



(3.5) 



Now 



^3,R 



to Jbbb ^'^y 



ix,t,y, s)p{y,s)da{y)ds + 



dG 



R,e 



t-sJdBR 9ny 



= Jl,5 + J2,6 VO < 5 < t - to- 

By (3.1) and Corollary 2.6, 



{x,t,y, s)p{y,s)da{y) ds 
(3.6) 



t-S 



dG 



R 



to JdBn dny 



x,t,y,s)p{y,s) da{y) ds \/0<S<t — tQ. (3-7) 



By Corollary 2.11 (2.25) holds with m = n + 2. Then 



14,^1 <c 



t-5 JdBR [t — S) 2 



-c\x-y\'^/{t-s) 



da{y) ds < 



C5 



(i?- |x|)"+3' 



Similarly by Corollary 2.9, 



R 



t-5 JdBn ^"-y 



x,t,y,s)p{y,s)da{y)ds 



< 



CS 



{R-\x\)^+^ 



Now 



< 



^3,R 



1^ — 
+ 



OGr 

I to JdBR dUy 



dG 




{x,t,y,s)p{y,s)da{y)ds 



t-5 



R 



to JdBn dUy 



OGr 



f I 

J t-S Jd 



dBn 



{x,t,y,s)p{y,s)da{y) ds 



{x,t,y,s)p{y,s) da{y) ds 



+ \J, 



2,5 1 



Letting e ^ in (3.10), by (3.7), (3.8), and (3.9), 

OGr^ 



lim sup 



^3,R 




lim 



T'^ — 
^3,R 




to JOBr dny 
dGR 



■{x,t,y,s)p{y,s)da{y) ds 



< 



C5 



(3.8) 



(3.9) 



(3.10) 



'to -^dBn dUy 



{x,t,y,s)p{y,s)da{y) ds 
16 



{R-\x\)^+^ 
as (5 ^ 0. 



y0<5 <t-to 
(3.11) 



Thus letting e ^ in (3.2), by (3.4), (3.5), and (3.11), VO < \x\ < R, 

= / / GR{x,t,y,s)F{y,p,Vp,s)dyds+ [ [ ^^{x,t,y, s)p{y, s) da{y) ds. 
Jto JbuMQ} Jto Jobr ouy (3.12) 

Since Gr{x, t, y, s) increases to r(x, t; y, s) as R ^ cx), by (0.13), (3.3), and the Lebesgue 
dominated convergence theorem, 

hm / / GR{x,t,y,s)F{y,p,Vp,s)dyds 
R^oo Jto Jbr\{o} 

= 11 T{x,t,y,s)F{y,p,Vp,s)dyds. (3.13) 

Jto ^R"+2\{0} 

By Corollary 2.9, 

Jtn JdBn OTly Jf JqBr [t — s) 2 



'to JdBn (t - s) 2' 



Letting i? — > oo in (3.12), by (3.13) and (3.14) we get that p satisfies 



p{x,t)= [ I j^-^-^^^e '^F{y,p,Vp,s)dyds (3.15) 

Jtn -/K' 



1 l^-y\^ 
Ito ^K"+2\{0} (47r(t - s))^ 



V(x, t) e (M"'+2 \ {0}) X [to, T'). Since the right hand side of (3.15) is a continuous function 
on W^+^ X (to, T'), we can extend p{x, t) to a function on R^+^ x (to, T') by letting p(a;, t) 
equal to the right hand side of (3.15) for x = Iq < t < T' . Then the extended function 
'p{x,t) is a continuous function on x {to,T') and has continuous first derivatives in x 
on W^+^ X {to,T'). Hence p{x,t) satisfies (1.2) on 1^"-+^ x {to,T'). By the same argument 
as that on P.11-12 of [LT] p is a classical solution of (0.11) in x {to,T'). By (3.1) p 

satisfies (1.3) and the lemma follows. 

Theorem 3.2. Let T' e (to,r]. Suppose pi and p2 are solutions of (0.11) and (1-1) in 
^ |Q-j.^ X ^^^^ j.,^ ^^^^1^ satisfies (3.1). Then pi = p^ in \ {0}) x {to, T'). 

Proof. Let Ti > to be the maximal time such that p^ = P2 in (1^"^+^ \ {0}) x (^0,^1). 
Suppose Ti < T'. By Lemma 3.1 both pi and P2 can be extended to solutions of (0.11) in 
X {to,T') and both satisfy (1.2) and (1.3) in x {to,T'). Then by (1.2) 

Pi{x,t) -p2ix,t) 

f 1 _ _ 

/ / 7— 77^^ ^^*-'^[F{y,Pi,Vp^,s)-F{y,p2,Vp2,s)]dyds 

Jti Jr"+2 [Arcit — s)) 2 (3.16) 
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Hence 

|Vpi(a:,t)- Vp2(^,t)| 



JTi JR"+2 - (47r(t - s))~ 

pt p ^ |^_y|2 

</ / -^e~^\F{y,p^,Vp^,s)-F{y,p^,Vp^,s)\dyds (3.17) 

JTi 7R"+2 (t — S) 2 

By (1.3) and the argument on P.10-11 of [LT] there exists a constant C > such that 

|F(y,pi, Vpi,s) - F(y,p2, Vp2,s)| < C(|pi -P2I + |Vpi - VP2I) Vy G R"+^ s e [to,T']. 

(3.18) 

Let 

E{t) = sup (||pi(-,s) -P2(->s)IIl-(K"+2) + ||Vpi(-,s) - Vp2(-,s)||ic^(Krx+2)). 

Ti<s<t 

By (3.16), (3.17) and (3.18), there exist constants C5 > and Ce > such that 

E{t) <C5(t- Ti)E{t) + Ce - T^E{t) yTi<t<T'. (3.19) 

Let 

5 = min(l,l/(4(C5 + C6)')). 
Then by (3.19) for any Ti<t<Ti+6, 

E{t) < E{t) = VTi < t < Ti + 5 

pi{x,t) = p2{x,t) Vx e Ti < t < Ti + 5. 

This contradicts the choice of Ti. Hence Ti = T' and the theorem foUows. 

By (0.9) and Theorem 3.2 we have the foUowing uniqueness result. 

Theorem 3.3. Let < to kTq <T. Suppose pi, p2, are solutions of (0.8) in 1R+ x (to, To) 
satisfying 

p,{r,to)^0 Vr>0,i=l,2 

and 

sup (||Pi(-,t)||L-(R+) + ||5pi/5?'(-,^)||L°°(R+)) < 00 Vz=l,2 
to<t<T' 

for any T' e {to,To). Then 

Pi(r, t) = p2(r, t) Vr > 0, to < * < Tq. 



Section 4 

In this section we wiU prove the removable singularities property of the solution of the 
heat equation. 
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Theorem 4.1. Let m > 3 and let Q C MJ^ be a domain. Suppose u is a solution of the 
heat equation in (O \ {0}) x (0, T). Then u has removable singularities at {0} x (0, T) if 
and only if there exists Bs C O, such that (0.7) holds. 

Proof. If u has removable singularities at {0} x (0, T), then there exists a solution v of the 
heat equation in O x (0, T) such that w = f on (O \ {0}) x (0, T). Choose 5 > such that 
-B<5 C Vt. Then (0.7) holds for v. Hence (0.7) holds for u. 

Now suppose that there exists Bn C Q. such that (0.7) holds for <ti <t2 <T. By- 
standard parabolic theory, VO < £ < |a;| < i?, ti < t <t2, 



u{x, t) 



L 



dG 

GR,s{x,t,y,ti)u{y,ti)dy + / / -^^{x,t,y, s)u{y, s) da{y) ds 



+ / / {x, t, y, s)u{y, s) da{y) ds 

=Il,s + l2,e + l3,e (4.1) 

where d/duy is the derivative in the direction of the inward normal of the domain Bji\Bs 
at y e dBji U dB^. By an argument similar to the proof of Lemma 3.1 we get 

lim/i,e=/ GR{x,t,y,ti)u{y,ti)dy ^0 < \x\ < R,ti < t < t2 (4.2) 

JBu\{0} 

and 

lim/3,e= / / -—^{x,t,y,s)u{y,s)da{y)ds ^0 < \x\ < R,ti < t < t2. (4.3) 

' Jtl JdBR (^Uy 

By (0.7) and Corollary 2.10, VO < £ < |a;| < R. 

Letting £ ^ in (4.1), by (4.2), (4.3), and (4.4), \/Q < e < \x\ < R, ti < t < ^2, 
u{x,t)= f GR(x,t,y,ti)u{y,ti)dy+ f f ^^{x,t,y, s)u(y, s) da(y) ds. (A.B) 

JBn\{0} Jti JdBn '^^y 

Since the right hand side of (4.5) is a C°° fimction of (x,t) G Br x (^1,^2), we can extend 
u{x, t) to a continuous function on Br x (^1,^2) by defining w(0, t) to be equal to the right 
hand side of (4.5). Then u E C°^{Br x (^1,^2)) satisfies 

u{x,t)=[ GR{x,t,y,ti)u{y,ti)dy+ [ [ ^^(x,t,y, s)u(y, s) da(y) ds. (4.6) 

JBu Jti JoBr (J'^y 

Since GR{x,t,y,s) satisfies the heat equation, by (4.6) the extended u satisfies the heat 
equation in Br x (ti, ^2)- Since < ti < ^2 < 7" is arbitrary, u has removable singularities 
at {0} X (0, T) and the theorem follows. 
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